Abstract. This is the second version of this article. There are several errors in the first one. They are corrected in this version. We show some computations on representations of the fundamental group in SL(2; C) and Reidemeister torsion for a homology 3-sphere obtained by Dehn surgery along the figure-eight knot.
Introduction
In this note we show some numerical computations of representations of the fundamental group in SL(2; C) and Reidemeister torsion for the homology 3-sphere obtained by 1/n-Dehn surgeries along the figure-eight knot. More precisely we enumerate all conjugacy classes of irreducible representations in SL(2; C) and compute Reidemeister torsion for these representations.
Reidemeister torsion was originally defined by Reidemeister, Franz and de Rham in the 1930's. It can be defined in more general situation, but in this paper, we consider this invariant for a homology 3-sphere M with an irreducible representation ρ of the fundamental group π 1 (M) into SL(2; C). It is denoted by τ ρ (M) ∈ C.
In the 1980's Johnson [5] developed a theory of Reidemeister torsion for representations in SU(2), or in SL(2; C). That was studied motivated by the relations to the Casson invariant. Further he proposed a torsion polynomial of a 3-manifold. In this paper, we define the torsion polynomial as follows.
Let M be a homology 3-sphere. We denote the set of conjugacy classes of representations from π 1 (M) in SL(2; C) by R(M) and the subset of conjugacy classes with nontrivial value of Reidemeister torsion by R ′ (M). Now assume that R ′ (M) is a finite set.
Remark 1.1. In general R(M) R ′ (M). For examples, please see [5, 6] .
Definition 1.2. A one variable polynomial
is called the torsion polynomial of M n .
Remark 1.3. If R ′ (M) = ∅, then we define σ M (t) = 1.
In [9, 10] we gave explicit formulas of σ M (t) in the case of Brieskorn homology 3-spheres obtained by surgeries along torus knots. under another normalization in [9, 10] .
In this note, we show numerical computations for Dehn-surgeries along the figure-eight knot by using Mathematica.
Setting
First we explain geometric setting, which is the same one in [7, 8] . Please see them for details.
Let K ⊂ S 3 be the figure-eight knot and E(K) the exterior. It is well-known that π 1 E(K) has the following presentation; π 1 E(K) = x, y | wx = yw where w = xy −1 x −1 y.
One can take x as a meridian element in π 1 E(K). As a longitude, one can do
where w = x −1 yxy −1 . Let M n be the homology 3-sphere obtained by 1/n-Dehn surgery along K. The fundamental group π 1 M n has the presentation as
Let ρ : π 1 M n → SL(2; C) be an irreducible representation. Simply we write X for ρ(x), Y for ρ(y) and so on. It is well known that we may assume that X and Y have the following forms;
where s ∈ C \ {0}, t ∈ C, after taking conjugations. Now define the matrix R by R = W X − YW where W = XY −1 X −1 Y. The equation R = 0 0 0 0 induces a system of defining equations of the space of conjugacy classes of SL(2; C)-representations of π 1 E(K). By direct computations, we have only one equation
Hence the parameter t can be eliminated by substituting
Under f (s, t) = 0, there are four choices on a pair of (X, Y) as follows.
(
Lemma 2.1. Among the above 4 pairs of (X, Y), (1) and (3) give the same conjugacy class and (2) and (4) also gives the same one. These two classes are not same.
Proof. Let us consider the trace of XY −1 : tr(XY −1 ) = 2 − t. Then by elementary arguments in linear algebras, one can see the above.
Solve the inequality
under the condition s 0 in the real numbers, one has
and numerically s ≤ −1.61803, −0.618034 ≤ s < 0, 0 < s ≤ 0.618034, 1.61803 ≤ s.
If s belongs to the above intervals, then the corresponding (s, t) gives an irreducible representation of π 1 E(K) in SL(2; R).
Here the matrix corresponding to a longitude is given by
of L is given as follows:
Here the double-sign corresponds in the same order, which is depended on the choice of t.
Remark 2.2. Remark that tr(L) is not depended on the choice of t.
We consider a 1/n-Dehn-surgery along the figure-eight knot. Because we do not consider the 3-sphere, then we assume that n 0. Note that X is corresponding to a meridian. Then we compute the relation as We consider Reidemeister torsion τ ρ (M n ) for M n with ρ :
For the precise definition of Reidemeister torsion τ ρ (M) for an SL(2; C)-representation ρ, please see [6, 7, 11] .
In the case of 1/n-surgeries along the figure-eight knot, we obtain the following formula of Reidemeister torsion in terms of the trace of the meridian image.
Proposition 2.5 (Kitano [9] ). Assume n 0. If ρ : π 1 (M n ) → SL(2; C) is an acyclic representation, then one has
where u = tr(X) = s + 1/s.
Here ρ is called to be an acyclic representation if the chain complex of M with C 2 ρ -coefficients is an acyclic chain complex. By numerical computations we compute τ ρ (M n ) and σ M n (t) by using this formula.
Here we mention the Casson invariant and the SL(; C)-Casson invariant. Please see [1] and [4, 2, 3] for precise definitions and properties.
In 1980's Casson defined the Casson invariant λ(M) ∈ Z for a homology 3-sphere M as the half of algebraic count of conjugacy classes of irreducible SU(2)-representations. In 2000's Curtis [4] defined the SL(2; C)-Casson invariant λ SL(2;C) (M) ∈ Z for M by counting conjugacy classes of irreducible SL(2; C)-representations. In the case of 1/n-surgeries along the figure-eight knot, one has the following by applying general formula by Casson, and the one by Boden and Curtis.
Proposition 2.6.
•
Remark 2.7. For any positive n, the above proposition implies that the number of conjugacy classes of SU (2)-representations is algebraically 2n and the one of conjugacy classes of SL(2; C)-representations is 4n − 1.
Computation
Here we show computations from n = 1, . . . , 10 by using Mathematica. We make a list of the values of s, u = s + 1/s and τ ρ .
We remark the followings.
• We choice the value s in |s| ≤ 1. Because the inverse 1/s can be done if |s| > 1.
• For a representation which is conjugate to the one in SU(2), we choice only one value and omit its complex conjugate.
3.1. Summary. We compare computations with the values of Casson invariant λ(M) and the SL(2; C)-Casson invariant λ SL(2;C) (M). For any cases, we could find numerically 2|λ(M)| conjugacy classes in SU(2) and |λ SL(2;C) (M)| conjugacy classes in SL(2; C). Further we could also do only one SL(2; R)-representation. We also compute torsion polynomials σ M n (t). We simply write σ n (t) to σ M n (t). From the definition, it is a polynomial over Q, because τ ρ (M) is an algebraic number for [ρ] ∈ R ′ (M). All previous examples in [9, 10] are polynomials over Z.
To compute torsion polynomials, values of imaginary parts which are sufficiently small as compared with their real parts are regarded as 0. Because theoretically we can see a torsion polynomial is a polynomial over Q.
Remark 3.1. In the case of a torus knot, there is a 3-term relation among σ n+1 (t), σ n (t), σ n−1 (t). However we see that there is not such a relation in the figure-eight knot case, as σ −1 (t) = σ 1 (t), σ 0 (t) = 1.
3.2.
The case of n = 1. The first example M 1 is the Briskorn homology 3-sphere Σ(2, 3, 7), which is not a hyperbolic manifold. Now one has
• λ(M 1 ) = −1,
• λ SL(2;C) (M 1 ) = 3 . We find 2 conjugacy classes of SU (2) In this case the torsion polynomial is given as
This computation coincides with the one in [9] .
3.3. The case of n = 2. The next M 2 is a hyperbolic homology 3-sphere. One has
In this case we find 4 conjugacy classes of SU (2) The torsion polynomial is given by
3.4. The case of n = 3. Next one has
. In this case we find 6 conjugacy classes of SU(2)-representations and totally 11 conjugacy classes of SL(2; C)-representations. The last representation is an SL(2; R)-representation.
The torsion polynomial is given by
3.5. The case of n = 4. Next one has
In this case we find 8 conjugacy classes of SU (2) 3.6. The case of n = 5. Next one has
In this case we find 10 conjugacy classes of SU (2) • λ(M 6 ) = −6, • λ SL(2;C) (M 6 ) = 23.
In this case we find 12 conjugacy classes of SU (2) 3.8. The case of n = 7. First one has λ(M 7 ) = −7, λ SL(2;C) (M 7 ) = 27. In this case we find 14 conjugacy classes of SU (2) 3.9. The case of n = 8. In the next case, one has
In this case we find 16 conjugacy classes of SU(2)-representations and totally 31 conjugacy classes of SL(2; C)-representations. The last representation is an SL(2; R)-representation.
The torsion polynomial is given by the following. The torsion polynomial is given by • λ(M 10 ) = −10, • λ SL(2;C) (M 9 ) = 39.
In this case we find 20 conjugacy classes of SU (2) 7.703480 ± 0.6759767i −0.693202 ± 0.00385058i −2.13574 ∓ 0.00416238i 3.1296446 ± 0.11879778i −0.779549 ± 0.00431503i −2.0623 ∓ 0.00278537i
1.9275656 ± 0.02619426i −0.914251 ± 0.00229081i −2.00804 ∓ 0.000449854i
1.54165231 ± 0.00241772i 0.84037 ± 0.00372875i 2.0303 ∓ 0.001551i −0.56939143 ± 0.004072021i 0.731022 ± 0.00427557i 2.09892 ∓ 0.00372495i −0.83854998 + 0.02192047i 0.664454 ± 0.0032119i 2.16941 ∓ 0.00406293i −1.6862274 ± 0.10076482i 0.62906 ± 0.00166081i 2.218722556 ∓ 0.002536113i −6.274506 ± 0.9124470i 0.61797 2.23617 1067.00
In this case we see that the torsion polynomial is given by 
problem
In [9, 10] , the torsion polynomial for a Brieskorn homology 3-sphere obtained by surgeries along a torus knot, which is not exactly same with the one given in this paper, it can described by using Chebyshev polynomials of the first kind. It seems that it is natural, because any value of τ ρ is given by some special values of the cosine function.
In the case of the figure-eight knots, or in more general cases of hyperbolic knots, how to treat the torsion polynomial, it is a problem.
